The N = 1, D = 10 SUGRA-SYM theory is known to be plagued by an ABB J 
gauge and Lorentz anomaly which, for the gauge groups SO (32) or Eg x Es, 
cancels via the Green-Schwarz anomaly cancellation mechanism; the harmlessness 
of this anomaly is reflected also in the corresponding superstring theories [1]. It 
is, however, immediately seen that the appearance of this gauge-Lorentz anomaly 
Ag implies also the appearance of a (local) supersymmetry anomaly As- If we 
call r the effective action of the SUGRA-SYM theory and Qs(^g) the nihilpotent 
BRST operator associated to supersymmetry transformations (gauge and Lorentz 
transformations) we have, apart from o(% ) terms, 

^2 ■ n G T = A G (1) 

Oh! 

where Ag is the usual ABB J gauge-Lorentz anomaly [2,3]. This anomaly is clearly 
CN I not invariant under supersymmetry transformations and so 

*>■ o^o s ^i G = o s o G r = -o G (o s r) (2) 

in ■ 

ON . 

O ■ meaning that 
-xf ■ 

n s T = A S ^0, (3) 

"xl" . 

i.e. r suffers also a supersymmetry anomaly. Eqs.(l)-(3) define the following 
coupled cohomology problem 

tt G A G = 

n G As + nsA G = o (4) 



Oh 



^ ■ VsAs = 

a i 

which, for the known ABB J anomaly Ag, can be considered as a system of equa- 
tions for the unknown supersymmetry anomaly As , the "supersymmetric partner" 
of Ag ■ An analogous cohomology problem can be defined also for supersymmetric 
chiral Yang-Mills theories in D = 4 and 6 dimensions. Explicit solutions for As 
satisfying (4) have been found for gauge anomalies in D = 4, 6 [4] in the case of 
global and local supersymmetry and for the Lorentz anomaly in pure supergravity 
theories in D = 6, 10 [5] due to a remarkable property called "Weil triviality" (see 
below) in those references. However, in the case of the coupled SUGRA-SYM 
theory in D = 10, i.e. the theory under investigation in this letter, it is difficult 
to prove Weil triviality and a general solution of (4) has not yet been found. 



As is well known, for the gauge groups 50(32) and Eg x Eg, there exists a 
local counterterm A (see below) which trivializes the cocyle Ac 

A G = Q G A. (5) 

The information contained in (5), together with the cohomology eqs. (4), generally 
speaking, do not allow one to conclude that also the supersymmetry anomaly 
trivializes. In this letter we want a) solve (4) for these particular gauge groups 
giving an explicit expression for As, b) show that As is a trivial cocycle of Qs 
and c) show that As gets trivialized by the same A appearing in (5). 

As = O s A. (6) 

We would like to notice that, among all cases solved in the literature until now, 
only in the case of the SYM theory with global SUSY in D = 4 dimensions As 
is known to be a trivial cocyle of O5 [4] (in that case, this holds true even if Ag 
is non trivial). To summarize our result: the Green-Schwarz counterterm cancels 
also the supersymmetry anomaly. 

Our notation is as follows. We work in a ten-dimensional superspace span- 
ned by the coordinates z M = (x™,^) where x m (m = 0,1,..., 9) are the or- 
dinary space-time coordinates and $ M (/x = 1, 16) are Grassmann variables. 
We introduce the supervielbein one-forms E A = dz M E M A (z) where A = {a, a} 
(a = 0, 1, .., 9; a = 1, 16) is a flat index (letters from the beginning of the alpha- 
bet represent flat indices, letters from the middle of the alphabet onwards represent 
curved indices: small latin letters indicate vectorial indices, small greek letters in- 
dicate spinorial indices and capital letters denote both of them), p-superforms can 
be decomposed along the vielbein basis or along the coordinate basis, 

( f ) =-E A ^--E A ^ Ap ... Al = - x dz M ^--dz M -(j>M p ...M 1 . (7) 
pi pi 

We denote the Lorentz- valued super spin connection one-form by oj a b = dz M ujMa b = 
E c ujca h (u a b = —Uba) and the corresponding Lorentz-curvature two-superform by 
R a b = du a b + u>a c w c b = \E D ' E c RcDa '■ d indicates the differential in superspace. 
We introduce a Yang-Mills connection one-superform A = E b Ab with values 
in the Lie algebra of a group H (50(32) or Eg x Eg in the following) and the 
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Lie-algebra valued curvature two-superform F = dA + AA = \E B E C Fcb- To 
construct the relevant nihilpotent BRST operators we introduce the ghost fields 
£ M (z) for superdiffeomorphisms, a Lie algebra valued ghost field C(z) for gauge 
transformations and an 5*0(10) Lorentz-valued ghost field u a b (z) for local Lorentz 
transformations. Local supersymmetry transformations are represented by the 
superdiffeomorphisms. The BRST transformations are the following: 
Superdiffeomorphisms: 

Sst M = i L d L i M 
s s c = i L d L c 

(8) 

W = i L d L u a b 
8s4> = L^cj) = (di% — i £<£)(/) 

Gauge transformations: 

5 H C = -CC 

S H A = -dC -AC-CA (9) 
S H u a b = 5 H i M = 5 H u a b = 

Local Lorentz transformations: 

SLUa = -U a C U b 

ShUa = -dUa - U a C U c b - U a C U) b 

(10) 

SlC = 5 L Z M = 5 l A = U 
SlVa^-Ak = ~UA 1 B V B A 2 ---A n - (permutations) 

indicates the Lie derivative along the vector field £ = £ m <9m, the interior 
product with a superform <fi is defined as i^(p = ^ p \y i Ml dz M2 ■ ■ ■ dz Mp 4>m p ---m 1 ^ 
uj 3 = j(T ab ) ce f3 u ab : u a a = u a a = 0, and \ r A 1 ---A n in (10) indicates a Lorentz- 
tensor. We note the useful relation 

1 

<*s(W = ' HHd)(f> (11) 

where <p is a superform with zero ghost number. 

The superfields (or forms) of the theory constitute a graded algebra if we 
define the grading of a p-form ip as n$ = p + , where g^ is the ghost number 



of ip, and associate a grading 1 to the operators d and 5. d and 5 begin to operate 
on a composite term from the right. There are the usual additional signs if the 
fields carry spinorial indices [6]. 

It is convenient to combine the transformations in (9) and (10) to define 
BRST transformations associated to the "total" gauge group G = H <g> SO (10) 
through 

5 G = 5 H + 5 L . (12) 

Then we can associate to 5s and 5q the corresponding BRST operators fig and 
f2<3, satisfying: Q, G = fls^G + ^G^s = = 0- These operators define then the 
coupled cohomology problem (4). We try to solve it, for H = 50(32) or E 8 x E 8 , 
according to a method developed in [4,5] which represents a generalization of 
the method for the determination of ABBJ anomalies, based on the extended 
transgression formula (ETF) [7], to the supersymmetric case. 

For the above gauge groups the relevant sixth-order polynomial in the cur- 
vatures factorizes, as is well known [3] , into 

I 12 = X 4 X 8 (13) 



with 

X 4 = —TrF 2 - trR 2 
30 

X 8 = —TrF 4 —(TrF 2 ) 2 - —TrF 2 trR 2 + -trR 4 + —(trR 2 ) 

8 24 7200 V ; 240 8 32 v ' 



(14) 



(Tr denotes the trace in the adjoint representation, tr denotes the trace in the 
fundamental representation). We denote collectively T = (F,R), A = (A,u), 
C = (C,u a b ). X 4 and X 8 are closed G-invariant superforms. For the moment we 
pursue formally the ETF method. Define: 

d=d+5 G (15) 

A = A + C (16) 

T = dA + AA = T (17) 

ft = t(dA + tAA) (18) 
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where the real parameter t runs from to 1. Then one has the identities 



X 4 = d (2 J dt X A {XPt)^j = dQ 3 
X 8 = d^4 J dt X s {XP t )^ = dQ 7 . 



(19) 



With the integrands in (19) we mean the expressions which are obtained from X 4 
and X 8 by substituting one of the curvatures with A and the remaining ones with 
Tt and symmetrizing then with unit weight (the explicit expressions of Q3 and Qi 
are, however, not relevant for our purposes). Q3 and Q7 can be decomposed in 
sectors with different ghost number p 
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Q3 = ^2 

\ (20) 
Q7 = ^ Xpj- P 

and (19) implies then the following identities (descent equations) 

dX 0j3 = -X4 

dX h2 + 5 G X 073 = ( 21) 

dX 2 ,i + S G X 1)2 = 

and 

dXoj = -^8 

dX lfi + S G X ,7 = (22) 
dX 2j5 + 5 G X li& = 0. 
Moreover, due to the fact that X4 and X 8 are G-invariant and closed we have 

I 12 = X 4 X 8 = \xjQ 7 + \ dQ 3 X 8 
= d l-X 4 Q 7 + -Q 3 X 8 j . 

If we were now in ordinary space the left hand side in (23) would vanish, being a 
twelve form in ten dimensions, and the first non trivial descent equation associated 
to (23) would identify the ABBJ G-anomaly. In superspace, however, hi is non 
vanishing. This problem can be bypassed if, in superspace, hi can be written 



as the differential of a G-invariant eleven-superform Y"n ("Weil triviality" [5]) 
1 12 = dYn. As has been shown in [5] such a G-invariant Y"n would exist if one 
could impose on the Yang-Mills and gravitational supercurvatures the constraints 
F a f3 — 0, RoLf3a b = 0. While the first constraint is always available it is known that 
for the coupled SUGRA-SYM theory R a /3 a b is intrinsically non vanishing, in the 
sense that it can not be set to zero by any field redefinition [8,9]. In the absence 
of such a constraint until now it was not possible to prove Weil triviality of 1\2 for 
an arbitrary gauge group H. 

However, and this is the key observation of this letter, the theory at hand 
contains a two-form potential B among its physical fields with associated G- 
invariant curvature H defined as 

H = dB + X ,3 



dH = X A = —TrF 2 - trR 2 



1 

L4 ~30" (24) 

SqB = —X\2 



5 G H = 0. 

The second crucial point is that a consistent exact solution of (24) in superspace 
has been given in [10]. This means that all unphysical fields have been eliminated 
and that the remaining physical fields are subjected to SUSY transformation rules 
which represent correctly the algebra of local supersymmetry transformations, and 
assure in particular the nihilpotency of the corresponding BRST operator. Using 
(24) it is now easy to prove Weil triviality for J 12 , in fact: 

7i2 = X 4 X 8 = dHX s = d (HX S ) = d (HX S ), (25) 

where the last step stems from the fact that 5q(HX 8 ) = 0. Now we can proceed 
along the lines of [5]. (23) and (25) imply 

= d^X 4 Q 7 +^Q 3 X s -HX s y j=dQ. (26) 

As above we decompose Q in sectors with definite ghost number p, Q = XlpLo Qp,n-v> 
and (26) implies then the descent equations: 

d<9o,n = 

dQi.io + SgQo,ii = (27) 
dQ 2 ,9 + SgQi,io = 0. 
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Applying i£ twice to the first equation in (27) and once to the second and recalling 
the definition of the Lie derivative and (11) we get: 

8s(hQo,ii) ~ 7^Z£Z£<2o,n = 
d(ieQi.io) - SsQi.io + S g (hQo,u) = ( 28 ) 
dQ 2 ,9 + SgQi,io = 0. 
Defining now the integral of a ten-superform ^io over ordinary space-time as 

J^o=^ J d 10 xe mi - mi ^ mio ... mi (z)| tf=o (29) 

and noting that the integral of an exact ten-superform is zero, J dipg = 0, we can 
integrate eqs. (28) and obtain a solution of the coupled cohomology problem (4) 
with: 

Ag = I Qi,io 

(30) 



It is easy to extract from (26), using (20), the components of Q with ghost number 
1 and 0: 

A G = J Q X 4 X h6 + i X^X^ (31) 

As = Jk (HX 8 - 1 X , 3 X 8 - | X 4 X , 7 ) • (32) 

Eq. (31) is clearly the usual expression of the ABB J G-anomaly [3], while eq. (32) 
represents the supersymmetry anomaly we searched for. Using eqs. (21), (22) and 
(24), we can rewrite it as follows: 

As = Jk (d(BX 6 ) + 2 - (X Q , 3 Xs - X A Xo, 7 )^ 

= il s f (-BX 8 - \ Xo,sX ,7^ (33) 
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meaning that As is a trivial cocycle of Og. But it is easy to recognize A as the 
famous Green-Schwarz counterterm which cancels the G-anomaly Aq (use again 
eqs. (21), (22)) 

A G = n G A. (34) 



This means that if we redefine the effective action V according to f = V — A 
we obtain a G-invariant and supersymmetric theory. This is what one expects 
due to the fact that the anomaly As gets induced by the gauge anomaly, and 
one can argue that the cancellation of the latter implies also the vanishing of the 
former. Clearly our argument does not exclude the presence of other (non trivial) 
supersymmetry cocycles which are not related to the ABBJ anomaly. This would, 
however, spoil the quantum consistency of the theory. 

As a last remark we point out that the absence of SUSY anomalies in 
the N = 1, D = 10 SUGRA-SYM theory reflects the fact that also the related 
superstring theories are not plagued by SUSY anomalies. 

Recently, in the literature a string-five-brane duality conjecture has been 
made [11,12]; it states that, in their critical space-time dimensions D = 10, super- 
strings (extended objects with one spatial dimension) are dual to super five-branes 
(extended objects with five spatial dimensions). In particular, in [13] the gauge and 
Lorentz anomalies of the heterotic five-brane sigma model in an N = 1, D = 10 
SUGRA-SYM background have been determined by counting the chiral fermions 
and relying then on the index theorem. The net result is that the fourth-order 
polynomial responsible for the gauge and Lorentz anomalies of the sigma model is 
given precisely by X 8 (see (14)). To cancel these sigma model anomalies, instead 
of introducing a three- form H 3 satisfying dH% = X 4 , one postulates the existence 
of a "dual" SUGRA-SYM theory based on a seven form H-j [13] satisfying 

dH 7 = X 8 . (35) 

Clearly, as is known, eq. (35) assures the cancellation of the ABBJ anomalies also 
in the "dual" supergravity theory [14] . In this case again a supersymmetric partner 
As of these anomalies arises, and our procedure to compute it and to show its 
harmlessness could be repeated in a straightforward way simply by interchanging 
the roles of X4 and X§ once a consistent solution of (35) in superspace is obtained. 
But such a solution is still missing and seems difficult to exist. A small inspect 
into the Bianchi identity (35) in superspace reveals that, to obtain a consistent 
solution, one has at least to give up the rigid supersymmetry preserving constraint 



rp a o"P a 

J- a/3 — a/3 
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(36) 



by introducing a 1050 irreducible representation of 5 , O(10), W Cl ... C5 a , according to 

T a f = 2T a af} + (T c ^) a0 W Cl ... C5 a . (37) 

In fact, as has been shown in ref. [9], eq. (36) leads necessarily to a Lorentz and 
gauge-invariant H7 satisfying dHy = 0. Even with (37), it is by no means obvious 
that one can solve the Bianchi identity (35) consistently; on the other hand, to our 
knowledge no supergravity theory is known in which (36) is violated. This points 
in the direction of a conflict between the heterotic five-brane and supersymmetry. 
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Abstract 



The N = 1, D = 10 Supergravity-Super-Yang-Mills (SUGRA-SYM) theory is 
plagued by ABB J gauge and Lorentz anomalies which are cancelled via the Green- 
Schwarz anomaly cancellation mechanism. Due to the fact that the ABBJ anoma- 
lies are not invariant under supersymmetry (SUSY) transformations one concludes 
that the theory is plagued also by a SUSY anomaly. For the gauge groups SO (32) 
and E$ x Eg we compute this SUSY anomaly, by solving a coupled cohomology 
problem, and we show that it can be cancelled by subtracting from the action 
the known Green-Schwarz counterterm, the same which cancels also the ABBJ 
anomaly, the expected result. Finally, we argue that the corresponding mecha- 
nism does not apply in the dual SUGRA-SYM, related to the heterotic five-brane. 
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